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ABSTRACT. Let k be a field, F a finite subfield and G a connected
solvable algebraic matric group defined over F. Conditions on G and k are
given which ensure the existence of a Galois extension of k with group
isomorphic to the F-rational points of G.

Introduction. A natural question in Galois theory is the question of the
existence of a Galois extension of a given field whose Galois group is isomorphic
to a given group. Shafarevich [10] has solved this so-called inverse problem for
solvable groups over an algebraic number field. Here we consider solvable groups
over fields of characteristic p > 0.

Let k be a given field and F a finite field contained in k. Then, for any
algebraic group G defined over F, G is a finite group and we may ask for a
(separable) Galois extension K of k whose Galois group is isomorphic to Gg.

We call the set of such extensions E;(Gg). If G is a connected solvable matric
group satisfying certain rationality conditions we can describe E; (Gg) in terms

of k (see Theorems 1 and 2 in §5). We do this by using the Frobenius auto-
morphism (see §1) in a way quite analogous to the way we used a derivation in
[3] and [4]. Our method is, in some sense, a generalization of “Kummer theory”

(see §2).

Notation. Throughout this paper § denotes a fixed universal field of
characteristic p > 0. By a field we shall always mean a subfield of  over which
Q is universal, thus € is algebraically closed and has infinite transcendence degree
over any field discussed. A field k¥ and a finite subfield F of k will be fixed
throughout. The cardinality of F will be denoted by q. The prime field will be
denoted by F,,.

By an F-set we shall mean an algebraic set with respect to the universe
which is defined over F. By an F-mapping we shall mean a rational mapping
defined over F.
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376 J. KOVACIC

If K is a Galois extension of k¥ we denote by G(K/k) the Galois group of
automorphisms of K over k.

1. The Frobenius automorphism. Most of the material in this section is
well known and may be found in Lang [5] or Serre [9, pp. 115-119].

Let A be an F-set. The mapping f: Q — Q,x > x9, leaves F fixed and
therefore defines a mapping 4 — A, also denoted by f, as follows. If x €4
and ¢: U — Q" is an affine open set which contains x, then f(x) =
¢ (@x)], ..., (¢x)?). Evidently p o f=fo p for every F-mapping p: A — B.
If G is an F-group then f: G — G is an F-homomorphism. We now define an
F-mapping {: G — G by the formula f (x) = f(x) - x™1.

PROPOSITION 1. Let G and G' be F-groups and ¢: G — G' be an F-homo-
morphism. Then, for x € G, {(¢x) = ¢(fx).

If x € G we denote the conjugation y +—> xyx~! by T.: G—G.

PROPOSITION 2. Let G be an F-group and x, y €G. Then f(xy) =
f(x) : Tx f(y)'

PROPOSITION 3. Let G be an F-group and x,y €G. f(x) = {(») if and
only if x"'y € Gg.

ProoF. f(x) = {(») if and only if f(x1y) = x~!y.

PROPOSITION 4. Let G be an Fgroup and x € G. Then k(x) is a finite
separably algebraic extension of k(f x).

ProoF. Since k(x) = k(x, fx) = k(x, fx, fx) = k(fx) - k(ix) = k(x)? -
k(f x), the proposition follows from Lang [6, p. 266].

ProroSITION 5. Let G be a connected F-group. Then the mapping
f: G — G is surjective.

ProoF (LANG [5, p. 557]). Let y €G. Set E = F(y) and let x be generic
for G over E. Then, by Proposition 4, f (x) is also generic for G over E. In
addition, E(x) = E(x, f(x)yx~') = E(f(x), f(x)yx') = E(x)? - E(f(x)yx").
Thus, by Lang [6, p. 266], f(x)yx~! is also generic for G over E. The generic
specialization f(x) — f(x)yx~! over E induces an isomorphism E({x) —
E(f(x) yx~1) which we extend to an isomorphism ¢ of E(x). Since o leaves F
fixed there is a unique element of G, denoted by ox, such that this isomorphism
is induced by the specialization x — ox. Thus

fe o) = f& -y o)
=G - x 7 o(fx)x = PO () yxDx = .
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This proves the proposition.

PROPOSITION 6. Let G be a connected F-group and H be a nonempty
homogeneous F-space for G. Then Hp # &.

Proor. Choose any x € H. Then f(x) € H so there exists g € G with
xg = f(x). By Proposition 5, there exists « € G such that fa =g~ 1. Thus
f&xa) = f(x) fle) = xgf (@) @ = xa, whence xa € H.

COROLLARY. Let 1 — H — G — G' — 1 be an exact sequence of
F-groups with H connected. Then 1 — Hp — Gp — G —> 1 is exact.

Proor. This is obvious except perhaps for the surjectivity of Gz — Gp.
Let o' € G and define ¥V = {x € Glx +— «'}. Note that ¥ is a nonempty
homogeneous F-space for H and hence Vi #&. This proves the corollary.

2. G-primitives.

DEFINITION. Let G be an F-group. By a G-extension of k we mean a
Galois extension K of k such that there is an injective homomorphism G(K/k) —
Gg.

ProrosiTION 7. Let G be an F-group. Let o € G be such that f(¢) € G,.
Then K = k(c) is a Galois extension of k, and the formula ¢ +> o~ o defines
an injective homomorphism ¢: G(K/k) — Gg. Thus K is a G-extension of k.

PrOOF. By Proposition 4, K is separably algebraic over k. Let o be an
isomorphism of K over k. Then

f@loe) = @7, foo) =7, (F@of@) = 1,

50 ¢(0) = ¢ 10a € G Since F Ck, 0 is an automorphism of K. Therefore K
is a Galois extension of k. In addition, for o, 7 € G(K/k),

c(o7) = & lora = a”loa - o(a"17a) = ¢(0) o(c(r)) = c(0) c(7),

because ¢(7) € G. Finally, ¢(¢) = 1 implies that oo = a and hence that 0 =
idg. This proves the proposition.

DEFINITION. Let G be an F-group. By a G-primitive over k we mean an
element @ of G such that f(e) € G,. A Galois extension K of k such that there
is a G-primitive o over k with K = k(a) is called a G-primitive extension.

By Proposition 7 every G-primitive extension is a G-extension. Under certain
conditions every G-extension is a G-primitive extension. It is these conditions
that we now investigate.

Let kg denote the separably algebraic closure of k. We recall that k is a
Galois extension of k and that its Galois group, G(k,/k), is a topological group
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with respect to the Krull topology in which the sets G(k/E), where E is a finite
Galois extension of k, are open neighborhoods of the identity.

Let G be an F-group. We recall that a (one-) cocycle of G(k/k) into G is a
map c: G(kg/k) — Gy which is continuous with respect to the Krull and discrete
topologies and which satisfies c(00") = ¢(0) oc(0") (0, o' € G(k,/k)). Two cocycles
¢, ¢’ are cohomologous if there exists & € Gy ¢ With c'(0)=alc(o)oa (o €
G(k,/k)) and the set of cohomology classes is denoted by H'(k, G). The cohomol-
ogy class of the constant map ¢ > 1 (0 € G(k,/k)) is denoted by 1.

ProrosiTION 8. Let G be an F-group. Let K be a Galois extension of k
and c: G(K/k) — G be an injective homomorphism. If H 1(k, G) = 1 then
there is a G-primitive o over k with K = k(e) and c(0) = o ' oa (0 € G(K/k)).
In particular if H'(k, G) = 1 then every G-extension of k is a G-primitive extension.

PrOOF. Let p: G(k /k) — G(K/k) be defined by the formula p(0) = olK.
p is continuous in the Krull and discrete topologies. Let ¢’ =c © p. Then c'’:
G(ky/k) — Gy is continuous and for o, 7 € G(k/k), c'(o7) = c'(0)'(r) =
¢'(0) 0(c'(r)) because ¢'(r) € Gg. By assumption there exists @ € Gy such that
c'(0) = & Yo (0 € G(k/k)). But for 0 € G(k/K), & 'oa = ¢'(6) = 1, whence
@ € Gg. Evidently c(0) = o oa for 0 € G(K/k). If 0 € G(K/k(c)) then 1 =
o™ loa = ¢(0) s0 0 = idg, thus K = k(a). Finally of(a) = f(0a) = f(ac(0)) =
f (@) for every 0 € G(K/k) so that {(a) € G;. This proves the proposition.

Propositions 7 and 8 may be rephrased in the following way.

COROLLARY. Let G be an F-group and assume that H! *,G)=1. Let
G’ denote the set of « € G with Ta € G and let k' = k((®),cg')- Then there
is a surjective mapping ¢: G' — Hom(G(k'/k), G) given by ¢(c) (0) = a1 oa..

If G is commutative, then ¢ is a group homomorphism with kernel G,.

It is known that H'(k, G) = 1 if G = GL(n), SL(n), G,, G,,, (the additive
and multiplicative one dimensional groups) or.if G is k-solvable (generalizations
of “Hilbert’s Theorem 90”; see, for example, Kolchin and Lang [2]), or if G =
W, is the group of Witt vectors of length n (Witt [12, Satz 11, p. 134]).

In various special cases Propositions 7 and 8 reduce to well-known forms of
Kummer theory.

1. Let G =G,,. Then Gy is the group of (g — 1)st roots of unity and, for
a€G, fa=a?"!. A G-primitive extension is thus one generated by a (g — 1)st
root. Propositions 7 and 8 reduce, in this case, to multiplicative Kummer theory
for cyclic extensions of degree dividing ¢ — 1 (see, for example, Lang [6, Chapter
8, §8]).

2. Let G = G, and F be the prime field. Then Gr = Z/(p) and, for a €G,
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fa = o —a. Thus we obtain (elementary) additive Kummer theory (Lang [6,
loc. cit.]).

3. Let G =W, and F be the prime field. We obtain Witt’s generalized
additive Kummer theory (Witt [12]).

In the three cases above Hom(G(k'/k), G) turns out to be the character
group of G(k'[k).

4. Let G = GL(n). If K is any Galois extension of k of degree n, then there
is an injective homomorphism G(K/k) — GL(n). Proposition 8 implies that K
is a GL(n)-primitive extension of k.

This fact can be proven directly and the details are somewhat amusing, so
we state the results below with their straightforward proofs omitted.

PrOPOSITION 9. Let K be an extension of k and m, . .. ,n, €K. Then
Nys - « - » M, are linearly independent over F if and only if

i-1
det W(nl, s M) = det(n}’ )N <ij<n #0.

W(ny, . . . , m,) has many properties analogous to those of the Wronskian
matrix.

ProrosITION 10. Let K be a Galois extension of k of degree n. Choose
Nys « « « » Ny, linearly independent over F, such that K = k(ny, . . ., n,) and such
that G(K/k) carries {ny, . . ., n,} into itself. Let a = W(n,,...,n,). Then
K = k(a).

Let (det o) Ydet W(n,, . . ., ,, X) = X" —=Z7aX?" ! =P. ThenPe
k[X],a, #0,and

f@=| " - ] €cGLm),
01

a ...a,

3. Classes of extensions. Throughout this section G is an F-group.

DEFINITION. Let E(G) = E;(Gg) denote the set of Galois extensions K of
k such that G(K/k) is isomorphic to Gp.

Our goal is to describe E(G) entirely in terms of G, F, and k. For this pur-
pose we define an equivalence relation, called similarity, on a set closely related
to E(G).

DEFINITION. Consider pairs (K, ¢) where K € E(G) and c is an isomorphism
of G(K/k) onto Gg. Two such pairs (K, ¢) and (K', ¢) are similar if K' = K and
there exists ¢ € G with = 7, © ¢. The set of similarity classes is denoted by
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S(G) = 8,(Gp). Evidently if G = G+, where F’ is another finite subfield of &
and G' is an F'-group, then S, (Gg) = S,(Gg).

ProrosITION 11. There is a (noncanonical) bijection S(G) — E(G) x
(Aut Gp)/(Inn G), where Inn G, is the group of inner automorphisms of Gg.
In particular, if S(G) is infinite, then card E(G) = card S(G).

Choose an isomorphism ¢y : G(K/k) — Gy, for each K € E(G). An element
of S(G) with representative (K, c¢) is sent to the pair whose first coordinate is K
and whose second is the residue class of ¢ © cg.

Unfortunately S(G) is no easier to compute than E(G). Thus we single out
a subset of S(G) for further study.

DEFINITION. Let PS(G) = PS,(Gg) be the set of similarity classes s € S(G)
for which there is a representative (K, ¢) with the following property. There is a
G-primitive & over k with K = k(c) and ¢(0) = o ! oa for every o € G(K/k).
Evidently if one representative of s has this property, then every representative
does also.

By Proposition 8, PS(G) = S(G) whenever H'(k, G) = 1.

DEFINITION. Two elements g, a’ of G, are said to be similar if there exists
b € G, such that a’ = f(b) T,

PROPOSITION 12. There is an injective mapping u of PS(G) into the set of
similarity classes of elements of G, with the following property. If s € PS(G)
and (K, ¢) € s and a is a G-primitive over k with K = k(c) and c(0) = o oa for
every o € G(K/k), then §(c) € u(s).

PrOOF. Let s € PS(G) and (K, ¢), (K, ¢") E€s. Let a, &' be G-primitives
as above. By definition of similarity of pairs there exists an element a of G
such that ¢’ = 7, ° ¢. Thus, for every o € G(K/k),

o oo’ =c'(0) =ac(o)a ! =a - o toa a7t = (@ ) To(aa?).
Whence b = ¢/a¢”! € G,. But f(') = f(@a) = f(ba) = f(B)7, {(®), so that
f(a) and f(a) are similar in G,. This proves that there is a mapping u with the
stated property.

Suppose that s, s" € PS(G) are such that u(s) = u(s"). Choose (X, ¢) €s,
(K', ¢') €5’ and G-primitives & and &' as above. By supposition there exists b €
G, such that (@) = §(6)7, f(o) = {(be). Hence there exists 2 € G with
o' = bag. In particular K’ = k(') = k() = K. But also

c'(0) = a Yoo/ =a o b o(boa)

=¢! -aloa-a= T _1°00) (€ G(K/K).
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Thus s = s’ which proves that u is injective.

DEFINITION. L(G) = L, (GE) = u(PS(G)).

REMARK. If @ € G, is a representative of an element of L(G), and « € G
is such that f(a) = a, then G(k(2)/k) = G. Indeed, by definition, there exist
o' €G and b € G such that G(k(a)/k) = Gr and a = {(®) 7, (@) = ().
Since k(c)) = k(c'), the assertion is clear.

4. Reductions of the inverse problem.

PropPOSITION 13. Let p: G — G’ be a surjective F-homomorphism of F-
groups and assume that ker p is connected. Then the mapping p;: G, — G;‘
induces a mapping p* of L(G) into L(G").

ProoF. By Proposition 1, p, induces a mapping of the set of similarity
classes in G, to the set of similarity classes of Gj.

Let a € G, be a representative of an element of L(G). Then there exists a
G-primitive a over k such that @ = f(a). k(c) is a Galois extension of k and the
formula ¢ > o ! oa defines an isomorphism ¢: G(k(®)/k) — Gg. LetK' =
k(pa). Then f(pe) = p(f @) = pya so pa is a G'-primitive over k and the formula
o' +— pa~'o'pa defines an injective homomorphism ¢": G(K'/k) — G. But
K' C k() and ¢'(0") = p(e™ 1 00) = (p © c) (o), where o € G(k()/k) is such that
olK' = o'. But p ° ¢: G(k(a)/k) — G, is surjective (by the corollary to Proposi-
tion 6) so (K', ¢") € S(G"). This proves the proposition.

Let p: G — G' be a surjective F-homomorphism of F-groups. Recall that a
k-cross section for p is a rational mapping o (not necessarily a homomorphism),
defined over %, of G' into G such that p © 0 = idg'. A k-cross section exists, for
example, if ker p is affine, connected and k-solvable. (See, for example, Rosenlicht

(712

PROPOSITION 14. Let p: G — G' be a surjective F-homomorphism of
connected F-groups with connected kernel. Assume that there is a k-cross section
for p. Assume further that the only subgroup H of G with pH = G}; is Gg.
Then p*: L(G) — L(G") is surjective.

PROOF. Let ¢: G' — G be a k-cross section for p.

If a' € G, is a representative for an element of L(G') then there is a G'-
primitive &' over k such that ' = f§(a') and such that ¢': G(k()/k) — G with
c'(0") = &' 10’ is an isomorphism. Let a = ¢(a") € G, and choose an element
a of G with f(a) = a (Proposition 5). Then K = k(a) is a Galois extension of k
and the formula 0 > o !oa defines an injective homomorphism ¢: G(K/k) —
G (Proposition 7). Set H = imc.
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Because (o) = pf(@) = pa =a' = {(&'), there exists b € G with pa =
o'b. For every o € G(K/k),

p ° c(0) = p(a"toa) = pa~lopa = b1’ L o(a'b)
=b! o loa' - b =b"1c'(c") b,

where o' = olk(e'). Thus p(H) =im p ° ¢ =im 7,_; © ¢' = G. By hypothesis
H = G and c is surjective. Evidently o* applied to the similarity class of a is
the similarity class of @', which proves the proposition.

COROLLARY. Let p: G — G' be an F-isomorphism of connected F-groups.
Then p*: L(G) — L(G") is bijective.

We now develop an example of the use of this proposition.

Let G be an abstract group. We denote by G* the subgroup generated by
elements of the form xyx~1yP~! (x, y € G). G* is normal and is the smallest
normal subgroup such that the quotient is commutative of exponent p.

LEMMA. Let G be an abstract group and N a normal nilpotent subgroup
of finite exponent a power of p. If H is a subgroup of G such that H - N* = G,
then H = G.

ProoF. Let G, = G/[N, N] and denote by N,, H, the images of N, H
in G,. Note that N, is commutative and that the image of N* in G, is (V))* =
M. |

Let H = H N N,. Since H, - Nf = G,, for each n € N, there exist
h €H, and n' €N, such that n = h(n')°. Evidently h € H' and thus N, =
H'NB. Using the commutativity of N, , we find that N2 = H'"?Np?, and hence
that N, = H. Nll’z. Continuing by induction and using the fact that N, has finite
exponent a power of p, we find that N, = H'. Whence H; D N, and H, =
H,N% = G,. Therefore H - [N, N] =G.

Let H' =HNN. Asabove N=H"- [N, N]. By Hall [1, Corollary 10.3.3,
p-155],H"=N. Thus HDONand H=H- [N, N] =G.

ProposITION 15. Let G be a connected matric F-group and N a normal
connected nilpotent F-subgroup of finite exponent a power of p. Suppose that
V¥ = (Np)*. If p: G — G/N* is the quotient homomorphism, then p¥:
L(G) — L(G/N¥) is surjective.

Since (G/N*)z = Gg/N} (corollary to Proposition 6), this proposition
follows immediately from Proposition 14 and the lemma.
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We note that, in general, (V*); # (Ng)*. Indeed, let

1 a b
N= 01 a%—a):abcQ),
00 1

and assume that p # 2. Then xP = 1 for every x € N and N* = [N, N]. Since

N is not commutative whereas Ny, is, [Nz, Ng] # [N, N]g. It is interesting to

note that L,(Ng) = g, because Ny is not cyclic, but that, if F is the prime field,

L ((N/[N, N])g) # @, since (N/[N, N])g is isomorphic to the additive group of F.
As another example, consider

/ 1 a%-a b \

0 1 a?-al O
N={| o o 1 :a,beﬂ‘;,

0
\ 0 Y,
and assume that p = 2. Since N is commutative, N* = N? and (N?) # (Np)?.
Again in this example, Lp(Np) =& but, if F is the prime field, Lp((N/N?)z) #2.

PROPOSITION 16. Let G, and G, be connected F-groups. Assume that the
only normal subgroup H, of G, with the property that there is a surjective
homomorphism of G, onto G, p/H, is G,. Then there is a bijection between
L(G, x G,) and L(G,) x L(G,).

Proor. Let ¢: L(G, x G,) — L(G,) x L(G,) be the map induced by the
projections p;: G; x G, — G; (i = 1, 2). We shall show first that ¢ is injective.

Let a and @' be representatives of elements of L(G, x G,) which have the
same image under ¢. Then pg = {(b,) 7,04’ for some b, € G,z G =1, 2). Let
b= (b,, by) € (G, x G,)p. Cleatly a = {(b)7,a’, which proves that ¢ is injective.

For each i = 1, 2, let a; be a representative of an element of L(G;). Then
there exist a; € G, such that k(a,) is Galois over , the formula o,— ¢; 0,0,
defines an isomorphism c; of G(k(e;)/k) onto G, and a; = f(a;). Set K =
k(e;, ;). Then f(a,, &) = (a,, a,) € (G, x G,); so K is a Galois extension
of k and the formula o+ (a7 !0, , a3 0a,) defines an injective homomorphism
c: GK/k) — (G, x G,)r. We must show that c is surjective.
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Set H = im c. By definition of K, p,(H) = G, fori =1,2. Let H; x
{1} = ker p,|H, then H, = p,(ker p,|H) is a normal subgroup of p,(H) = G, .
Denote by m: G, — G, z/H, the quotient homomorphism. Because ker p, |H
C ker (m © p, |H), there is a homomorphism A: G,z — G, g/H, such that
A° p,|H = m o p, |H; evidently A is surjective. By hypothesis H; = G, and
therefore ker p,|H = G, x {1}. But

ord H = (ord ker p, |H) (ord im p, |H)
= (ord G, ) (ord G, ) = ord(G; x G,)g.

Therefore H = (G, x G,)p and c is surjective. This proves the proposition.

For semidirect products we obtain a much weaker result.

Let G = G, * G, be the semidirect product of the connected F-groups G,
and G, with G, normal in G. Let b € G,;. Then there exists § € G, such that
f(® = b and if 8 is another element of G, with {(8") = b then there exists
d € G, with ' = pd. For any a €G,,

7o) F (75" ) = Typa) F 153 @) = Tp()74 (73" 75" @) = 745, [ (75" @),

because f(d) = d € G, and therefore 7,4 is an F-homomorphism of G,. Because
of this we may denote 74) f(r5'@) by f ,(c), where § € G, is such that {(8) = b.

Let b € G,; and § € G, be such that {(8) =b. Let « € G, be such that
f »(@) € G,;. Let o be any isomorphism of k(a, B) over k(). Then f(TEl(OOl))
= 17(39(f »(®)) = f(r5a), so there exists d € G, ¢ such that 75" (o) = (15" a)d,
so & oo = 74d € G, (5. It follows that k(o) = k(a, B) is a Galois extension of
Kk(p) and the formula ¢ —> 7' (0" 0a) defines a homomorphism of
G(k(aB)/k(B)) into G, i, which is evidently injective. Moreover, it is straightfor-
ward to verify that the condition that this homomorphism be surjective depends
only on b and f (@) and not on the choice of a and 8.

DEFINITION. Let G = G, * G, be the semidirect product of the connected
F-groups G, and G, with G, normal in G. Let b € G,,. Denote by I(G,, b) =
L,(G,p» b) the set of elements a of G, which satisfy the following condition.

If B € G, is such that {(B) = b and @ € G, is such that {,(a) = a, then the
injective homomorphism of G(k(ef)/k(B)) into G, ., defined by o +—> 1gl(a"oa),
is surjective.

If B as above has the property that 745G, = idg,, then I(G,, b) is merely
the set of elements of G, which are representatives of elements of Ly 45)(G, r)-

ProrosiTION 17. Let G = G, * G, be the semidirect product of the
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connected F-groups G, and G, with G, normal in G. Let p: G — G, be the
canonical homomorphism. Then the image of p*: L(G) — L(G,) is the set of
those classes for which there is a representative b with (G, b) # &:

Proor. Lety € L(G,) be in the image of o*, say p*x =y. Letab €
G,x ' G, = G be a representative of x. Let 8 € G, be such that { () = b,
let @ € G, be such that f,(@) =a. Because x € L(G), G(k(af)/k) = G, thus
[(aB): k] = ord G. Moreover the formula ¢ > f~10B defines an injective
homomorphism of G(,(B)/k) into G, and the formula 0 > 75" (& " o) defines
an injective homomorphism of G(k(cf)/k(B)) into G, . Because ord G =
(ord G, g) (ord G, ), these homomorphisms must be surjective.

Let y € L(G,) and b € y be such that the formula 0 — 75! (0" 00)
defines an isomorphism of G(k(eB)/k(8)) onto G, z, where § € G, is such that
f(®)=0band a €G, is such that f,(e) =a Note that

f@) =@ 75') = {@ 715" @) = 774, { 15" @) - {B) = (@ f(B) = ab.

Thus the formula o +> (o)~ ! 0(af) defines an injective homomorphism of
G(k(ep)/k) into Gp. But G(k(B)/k) = G, and G(k(eB)/k(B)) = G, and therefore
[k(aB): k] = (ord G, ) (ord G, ) = ord G so that the homomorphism must

be surjective. But then ab is a representative of an element of L(G), which proves
the proposition.

ProrosiTiON 18. Let G = G,G, be a semidirect product of subgroups
with G, normal in G and commutative. Assume that G, = A x B is the direct
product of groups which are invariant under the action of G,. Assume also that
the only subgroup H of B, invariant under the action of G,, such that there is
a surjective homomorphism which commutes with the action of G, of Ap onto
Bp/H is Bg. Let d be a representative of an element of L(G,). If I(4, d) # &
and (B, d) #& then I(G,, d) #82.

PROOF. Let § € G, be such that §(§) =d. Then the formula ¢ +—>
87105 defines an isomorphism G(k(8)/k) — G,p. Choosea €1(4, d),b €
I(B,d) and a € 4, B € B such that | 4(@) =a, f4(0) =b. Theny =aBEG,
and f,(y) = ab. The formula ¢ +—> 75 (y"!07) defines an injective homomor-
phism ¢: G(k(y8)/k(8)) — G, . Let C = imc. We shall first show that C is
invariant under the action of G, .

Let x € Cand y € G,. Then there exists 0 € G(k(y5)/k(5)) such that
x =13(y"'ov) and ¢ € G(k(8)/k) such that y = §~1¢5. Then c(¢) yc(¢~ ) y~?
= ¢(9) y9(c(¢™ 1)) ™! = 1, so that, by the commutativity of G,,
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7,0) =yt = (@) yxe@ )y =c@)y - x- e )¢ y!
= ((78)'9(18)) (¥8) ' o(¥8)) (+8) ¢~ (¥))
= ((¥8) 1 9(18)) 9((18) ™" 0(x8)) $0((x8) ™' ¢ (18))
= (18) ¢o¢71 (v8) = c(¢op™!) € C.

Therefore C is invariant under the action of G, .

Denote by m,: C—> Ag and mg: C — B the canonical projections. By
construction m, and my are surjective. Let 1 x H =ker n,. Then H is a sub-
group of By which is invariant urider G, 5. If p: By — Bg/H is the quotient
homomorphism then there is a homomorphism ¢: Az — Bg/H such that ¢ ° m,
=p° mg. ¢ is evidently surjective and commutes with the action of G,. By
hypothesis H = Bg,. Thus

ord C = (ord im m,) (ord ker m ) = (ord A)(ord Bg) = ord G, ,
whence C = G, which proves the proposition.

5. The inverse problem for connected solvable algebraic matric groups. We
first consider nilpotent groups.

Let G be a connected nilpotent matric F-group. Then G = U x T, where
U is the unipotent part of G and T is the unique maximal torus. Because F is
perfect, U and T are F-groups (Rosenlicht [8, p. 37]). Note that U is a p-group
of finite exponent (Tits [11, p. 118]). Assume that (Ug)* = (U*)g. Then, by
Proposition 15, there is a surjection L(G) — L(G/U*). This reduces the inverse
problem for G to that for G, = U; x T, where U; = U/U* is commutative of
exponent p.

We claim that if H is a normal subgroup of U, r such that there is a sur-
jective homomorphism ¢: T, — U, p/H, then H = U, . Indeed ¢(c”) = ¢(a)®
= 1 for every @ € T. But the pth power mapping of T is surjective and there-
fore the pth power mapping of T is surjective (corollary to Proposition 6) and
so ¢(Tx) = 1, which proves our claim.

Because of Proposition 16 there is a bijection L(G,) — L(U,) x L(T).
We consider L(U,) first. Letcard F=q =p’.

PrROPOSITION 19. Let U be a commutative connected unipotent F-group
with exponent p and dimension u. Then L, (Ug) is in bijective correspondence
with the set of ru-tuples of elements of the F,-vector space k/u(k) which are
linearly independent, where p: k — k is defined by (k) = kP — k.
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Proor. By Tits [11, p. 130], U is an F-vector group, i.e. U is F-isomor-
phic to G};. By Proposition 8 there is a bijection L, (Ug) = PS,(Ug) = S, (Ug).
Since Up = F* = F! = (G;“)Fp, S (Up) = Sk((G;“)pp) =L, ((G")r p). Thus
we may assume that U = G;* and F = F,,. The proposition now follows by
additive Kummer theory.

ProOPOSITION 20. Let T be an F-split torus of dimension t. Then L(T) is
in bijective correspondence with the set of t-tuples of elements of the Z/(q — 1) Z-
module k*[v(k*) which are linearly independent, where v: k* — k* is defined by
v(k) = k97 and the action of Z/(q — 1) Z on k*[v(k¥) is given by (e, x) > x°.

PrOOF. By hypothesis T is F-isomorphic to G,. The proposition follows
by multiplicative Kummer theory.
We may collect the results of this discussion in the following theorem.

THEOREM 1. Let G be a connected nilpotent matric F-group with unipo-
tent part U and maximal torus T. Assume that (Ug)* = (U*)g and that T is
Fesplit. Set u = dim U/U* and t = dim T. Define i: k —> k by k +—> kP —«
and consider k[uk as an F,-vector space. Define v: k* — k* by k +—> k91
and consider k*[vk* as a Z/(q — 1) Z-module by exponentiation. Then there is a
surjection of L,(Gg) onto the set of elements (ay, . ..,a,,, by,...,b,)of
(k/uk)™ x (k*[vk*)" such that ay, . . . ,a,, are linearly independent over F,,
and by, . .., b, are linearly independent over Z/(q — 1) Z.

If k = k'(x) where x is transcendental over the field k', then dim k/uk =
R, - card k' and 1k k*/vk* = 8, - card k. It follows from Proposition 11 that
card E,(Gg) = B, - card k' (if G # 1). However if k = k'((x)) is the field of
formal power series and k' is closed under the taking of (¢ — 1)st roots, then
dim k/uk = R, - card k' but 1k k*/vk* = 1. Thus E,(Gp) is empty unless dim T
< 1, and if this is the case, then card E;(Gg) > 8, - card k' (if G # 1).

For solvable groups we obtain a somewhat weaker result. In particular
we assume that F = F,.

Now let G be a connected solvable matric F-group. Then G = U - T (semi-
direct) where U is the unipotent part of G and T is a maximal F-torus. Since F
is perfect, U is defined over F. Assume that (Ug)* = (U*)g. Then, by Proposi-
tion 15, there is a surjection L(G) — L(G/U*). Let G, = G/U* =V - T, where
V = UJ/U*. V is an F-vector group which we write additively.

Tits [11, p. 146] describes G by' means of the action of the torus T on
the vector group ¥ and defines weights of the action for this purpose. Unfor-
tunately two distinct weights may become identical when restricted to T acting
on V. In the following paragraph we essentially replace V by another vector
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group so that this difficulty does not arise.

A weight of Ty in Vi is a character x, i.e. a homomorphism x: Tr — F*,
such that Vi, = {v € Vglrgu = x(B)v for all B € T} is nontrivial. Vp, is called the
weight space associated to x. Assume now that T is F-split, then we may suppose
that T = G}, where ¢t = dim 7. For any weight X there exist unique integers
eys...,e, with 0 <e, <p—1 such that x(8;, . ..,B,) =TI_,8 B = (B,

«»B) ETE). Let Xy, ..., X, be the weights of T in V and Vgy, ...,
Vg the weight spaces. Then Vi is the direct sum of the Vg, (i=1,...,m).
Set v; = dim Vg, (as an F-vector space). Lete; € {0,1,...,p — 1} be such
that x,(8) = I;_, 67 Define ¥, = G;i. We let T act on ¥, by the formula § -
v=TI;8;%v where 8 = (8;, . . ., B,) €T, and consider the semidirect product
(@®V,) - T with respect to this action. We call this group G,. Then G,z = G, .
By Proposition 8 there is a bijection

L(G,) = PS(G,) = 8(G,) = S(G,) = PS(G,) = L(G,).

We claim that the only subgroup H of (V,,)r = Vg,, with the property
that there is a surjective homomorphism ¢ which commutes with the action of
Tr of B! Vg onto Vi, /H is Vg,,. Indeed, if v, € Vg, and 8 = 8,

. » B;) € T then X,,(8) (v;) = #(x;(B)v;) = x;(B) $(v;) because ¢ is a group
homomorphism and F = F,,. If ¢(v;) # 0 then x,,,(8) = x,(8) for every BE Ty
and therefore for every g € T. Therefore ¢(v;) = O for every v; € V; and every
i=1,...,m—1. This proves our claim.

By Propositions 17 and 18, the image of L(G,) — L(T) is the set of x €
L(T) for which there is a representative b € x with I(V}, b) #& foreachi =1,

<y m.

We now shall describe I(¥, b); we drop the subscript in what follows.
Letting v = dim V¥, ¥ = G and we may assume equality and write ¥ additively.
Forany B=(B;,...,B) ET =G}, and a €V, 12 = x(B) a = (I}, f{)ex
where 0 <¢; <p — 1. Choosing § €T such that f(8) = b we find that, for any
a=(,...,0)EYV,

f(@ = 774 F (75 ) = X(F@) B Pe? = xB ) )

= —x®)a = (f —x(®)ey, ..., o)~ x(®)a,).

Let L: Q — Q be defined by L(x) = x? — x(b)x. Note that L is an F-vector
space homomorphism and denote by m: k — k/L(k) the quotient homomorphism
of F-vector spaces.

LEMMA. I(V, b) is the set of v-tuples (a,, . . . ,a,) € k” such that n(a,),
. » m(a,,) are linearly independent over F.
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PrOOF. Leta = (ay,...,a,) €K’ and suppose first that ¢, m(a,) + . ..
+¢,m@a,) =0fore,,...,c,inF, not all zero. Let @ € V be such that {,(a)
= . Then there exists k € k such that L(k) = Z}_, c;a; = L(Z c;a;). Setting
A =k — Zc;0; we see that

0=L(4) = x(F"' P L) = x(F ) AP - x4,
thus there exists d € F such that x(8)d = A =k — Z¢;0;. In particular 2 ¢;o;
€ k(p) so that [k(a, B): k(8)] <v and G(k(e, B)/k(P)) is not isomorphic to V.
Therefore a & I(V, b).

Now suppose that n(a,), . . . , m(a,) are linearly independent over F. The
formula ¢ +— rE‘(oa - a) = x(8!) (oa — @) defines an injective homomorphism
of G(k(a, P)/k(P)) into V. Let H denote the image; we shall assume that H #

V- and force a contradiction. H is then a proper F-vector subspace of V = F¥
so there exist ¢y, . . . , ¢, € F, not all zero, such that Z%_, c;x(6™*) (oo; — o) =

0 for every o € G(k(, B)/k(B)). Whence g = Zc;a; € k(B). In addition g” —
x(®) g = L(g) = Zc;a; € k. For 0 € G(k(B)/k) define d(0) = x(B*) (0g — 8)-
Then

do) = x(fE 1)) o(g® — x(®)g) + xB 1) og = x(fE ') &®
= x(fBEY)NE° - x®)g) + xF 1) og — x(FE )&
= d(o0),

hence d(0) €F. For g, ¢’ € Gk(B)/k),
d(00") = x(6~") (00’ — &) = x(5*) o0’ — &) + x(5") (08 — &)

= d(0) + x(5~") ox(8)d(0") = d(0) + Xx(§~ ' oB)d(0").
Thus d: G(k(B)/k) — F is a crossed homomorphism. Since p does not divide
the order of G(k(B)/k), this crossed homomorphism splits. Let y € F be such that

d(o) = xB 1 aB)y = v = xB1) (cx(®) ) — xB) 1)-
It follows that k =g — x(8)y € k. Since
LB 7) = xBP7* - xB X7 =x(FENG° -1 =0,

L(k) = Zc;a; and Zc;ma; = 0. This contradicts the linear independence of
ma,, . .., na, and proves the lemma.
The above remarks prove the following theorem.

THEOREM 2. Let G be a connected solvable matric F-group with unipotent
part U and maximal F-torus T. Assume that F = F,, that Up)* = (U")g, and
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that T is Fsplit. Let X,, . . . , X,,, be the weights of Ty in (U/U*)g, and let
Uy, . ..Uy, be the dimensions of the associated weight spaces. For each b €
T, let Lyy: k — k be defined by Ly (k) = kP — x,(b)k.

Let x € L(T). Then x is in the image of the mapping L(G) — L(T) if and
only if there is a representative b € T, of x such that for eachi=1,...,m
there is a u-tuple of elements of k whose residue classes modulo L, (k) are
linearly independent over F.

If k = &'(x), where x is transcendental over the field &', then, for each
b € Ty, dim k/L;, (k) = 8, - card k'. Since card L(T) = 8, - card k' (see the
remarks following Theorem 1), card E,(Gg) = 8, - card &’ (if G # 1).
However if £ = k'((x)) is the field of formal power series and &' is closed
under the taking of (p — 1)st roots, then card L(T) = 0 if dim T> 1 and
card L(T) = 1 if dim T'< 1. In addition dim k/L;, (k) is infinite for every b €
T,. Therefore card E;(Gg) = 0 if dim T'> 1, and card E;(Gg) =1 if dim T
<1 (and G # 1).
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